Abstract. There has been important progress in constructing units and Sunits associated to curves of genus 2 or 3. These approaches are based mainly on the consideration of properties of Jacobian varieties associated to hyperelliptic curves of genus 2 or 3. In this paper, we construct a unit group of the ray class field k 6 of Q(exp(2πi/5)) modulo 6 with full rank by special values of Siegel modular functions and circular units. We note that k 6 = Q(exp(2πi/15),
Theorem
We begin by explaining the notation. We denote as usual by Z, Q, R and C the ring of rational integers and the fields of rational numbers, real numbers and complex numbers, respectively. For a positive integer n, Z n , Q n , etc. denote the module or vector space of n-dimensional column vectors with components in Z, Q, etc. If Y is an associative ring with identity element, then Y × denotes the group of all invertible elements of Y , and M n (Y ) the ring of all matrices of degree n with components in Y ; the identity element of M n (Y ) is denoted by I n . We write GL n (Y ) = M n (Y )
× . The transpose of a matrix α is denoted by t α. For elements g 1 , · · · , g r of a group G, we denote by g 1 , · · · , g r the subgroup of G generated by g 1 , · · · , g r .
For a finite algebraic extension K of k, we denote by [K : k] the degree of K over k, and if K is a Galois extension of k, we denote by G(K/k) the Galois group of K over k.
Let S 2 be the set of all complex symmetric matrices of degree 2 with positive definite imaginary parts. For u ∈ C 2 , z ∈ S 2 and r, s ∈ R 2 , put as usual
where e(ξ) = exp(2πiξ) for ξ ∈ C. Moreover we put 
Let v be a non-zero integer and α a matrix in M 4 (Z) with t αJα = vJ. We suppose that the determinant of α is v 2 and that v is prime to 2N . Then it is well known that there exists a matrix β α in Γ 1 with We note that Φ α is also a Siegel modular function of level 2N 2 . Now, we put ζ n = exp(2πi/n) for a positive integer n and k = Q(ζ 5 ). In what follows, we concentrate our attention on the case n = 5. So we write for simplicity ζ = ζ 5 . Let O k be the integer ring of k and σ the element of the Galois group
and define a Riemann form E on the complex torus C 2 /L as follows:
Hence we see that
is a CM-point of S 2 corresponding to the polarized abelian variety (C 2 /L, E). Now, let ω be an element of O k . We denote by 
Namely,
Then there exists an integer v with t R(ωω
and R(ωω
The main purpose of this paper is to prove the following theorem:
, and let k 6 be the ray class field of k modulo 6. We put
is a unit group of k 6 of free rank 19.
Proof of the Theorem
Let m be a positive integer. We put
where (a) is the principal ideal of k generated by a. Let U be the unit group of k and k m the ray class field of k modulo m. Then we have
by class field theory. We put
and (8, 3) = 1, which shows that
) and θ 4 = 1, so that we have ϕ(ω i )H = θ i H for i = 1, 2, 3, 4. Since ϕ(H) ⊂ H, we can define an endomorphismφ of S 6 /H byφ(aH) = ϕ(a)H. By a standard argument in linear algebra, we see thatφ(S 6 /H) = θ 1 H, θ 2 H, θ 3 H ∼ = (Z/3Z) 3 . Thus for the class field K of k corresponding to the kernel ofφ, we have G(K/k 6 ) ∼ = (Z/3Z) 3 .
T. FUKUDA AND K. KOMATSU
Let N be a positive integer, ω an integer of k which is prime to 2N , and r, s, r 1 
is the image of (ω) by Artin mapping (cf. [ Let M be the subgroup of k × generated by integers of k which are prime to 6. We putM = { (α) | α ∈ M }. Then, by class field theory, we have
the order of M/S 6 is 15 · 80. We put u = (−1 + √ 5)/2; then we have S 6 U/S 6 = uS 6 , ζS 6 . Hence the order of S 6 U/S 6 is 120, because the order of uS 6 is 24 and the order of ζS 6 is 5. Hence [k 6 : k] = 10. Moreover we have (
× and the order of (3ζ + 2) + 2O k is 5, which shows that the order of (ζ + 2)S 6 is 80 because ζ + 2 ≡ 3ζ + 2 (mod 2) and ζ + 2 ≡ −1 − 2ζ (mod 3). This shows that M/U S 6 = (ζ + 2)U S 6 , because (ζ + 2)
8 ≡ −ζ 4 (mod 3) and (ζ + 2) 8 ≡ ζ 3 (mod 2). In a similar way, we see that [k 3 : k] = 2. Now, we suppose r, s ∈ 
Since Φ(z 0 ; r, s ; 0, 0) 3 is an algebraic integer of k 6 and since the square of the absolute value of a conjugate of Φ(z 0 ; r, s ; 0, 0) over Q is of the form |Φ(z 0 ; r , s ; r , s )| for some r , s ∈ 1 6 Z 2 and some r , s ∈ 1 2 Z 2 , it follows that we can determine N k6/Q Φ(z 0 ; r, s ; 0, 0) 3 with some luck by the method explained in the next section. As a result of computation, we have
and
Since the order of 2 + 5Z is 4, the ideal 2O k is a prime ideal of O k . Moreover, the ideal 2O k splits in k 3 /k since −2 ≡ 1 (mod 3). Hence the decomposition group of 2O k with respect to k 6 /k is k6/k (2+ζ) 2 , because 2O k ramifies in k 6 /k. In view of (2) and (3), this shows that ε 3 ν and η 3 ν are units in k 6 for all ν ∈ Z. Now, noting that ζ
which shows that ε ν and η ν are contained in k 6 . Hence ε ν and η ν are units in k 6 . It is clear that ρ 0 , ρ 1 and ρ 2 are units in
We extend σ to k 6 and keep the notation for simplicity. Then, as we explain in the next section, we see that the rank of the matrix
is 19, where u runs over
. This completes the proof of theorem.
Computation
In this section, we explain how we computed (2), (3) and the rank of (4). Since theta series converges rapidly, one can easily compute an approximate value of it with high precision. In our case, a rough estimate 
for all r , s ∈ 1 6 Z 2 and r , s ∈ 1 2 Z 2 , and found that 2 48 is the only possible integral value for (5). Hence we have (2) . Similarly we have (3).
Next we consider (4). The actions of σ and τ on ρ i are given by ζ A 64-bit work station DEC Alpha 500/333 needed eight hours for these computations.
